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Abstract
It is an open question if there are leakage-free entangling Fibonacci
braiding gates. We provide evidence to the conjecture for the negative
in this paper. We also found a much simpler protocol to generate ap-
proximately leakage-free entangling Fibonacci braiding gates than existing
algorithms in the literature.
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1 Introduction
Fibonacci anyons are universal for quantum computing by braidings alone [5].
They are conjectured to exist in fractional quantum Hall liquids at ν = 125 [11],
superconductor networks [9], and Majorana networks [7]. Quantum algorithms
such as Shor’s factoing algorithm written for the quantum circuit model are not
convenient for implementation using Fibonacci anyons because explicit qubit
structure is required. Moreover, the universality proof of Fibonacci anyons only
guarantees efficient approximations of two-qubit entangling gates, though this
is probably adequate for all practical purposes. It has long been an interesting
open question if there are leakage-free entangling Fibonacci braiding gates1.
In this paper, we focus on two complementary questions: proving the non-
existence of leakage-free Fibonacci entangling gates, and finding protocols to
generate good approximations adequate for the experimental construction of a
Fibonacci quantum computer. On the first question, we found a systematic
construction of leakage-free braiding gates, which are then proved to be non-
entangling. We also set up a computer search with up-to-date computing tech-
nology and found no leakage-free entangling gates either. These two results pro-
vide evidence that such leakage-free Fibonacci braiding gates do not exist. On
the second question, we discovered a much simpler protocol to generate approx-
imately leakage-free entangling Fibonacci braiding gates than algorithms in the
existing literature [12, 2]. The time complexity of our approximation algorithm
for a leakage-free entangling gate is comparable to the standard Solovay-Kitaev
algorithm; however, our algorithm performs worse for the length of words. The
gain in simplicity and geometric intuition justifies such a sacrifice.
After recalling some basic background on Fibonacci anyons in Sec. 2, we
search for leakage-free braiding gates in Sec. 3 both analytically and numerically.
In Sec. 4, we adapt the magical iteration from [12] to a more general situation
in order to find approximate 2-qubit leakage-free braiding gates. In the last
section, we conjecture that our approximation algorithm should work for more
general anyons such as those in SU(2)k. We also provide a precise formulation
of the tension between universality and entangling leakage-free braiding gates
for anyons.
2 Background
2.1 Fibonacci Anyons
There are numerous references on topological quantum computation. See, for
instance, [14] among others. In particular, see [4] for an explicit setup, encoding,
and calculations with anyons. An anyon system, or a unitary modular tensor
category, is characterized by fusion rules, F -matrices, R-matrices, topological
twists, etc.
1We are not going to touch on any other variations of the question such as using measure-
ments and/or ancillary states.
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The Fibonacci anyon system is one of the most important and also the most
elegant theories for topological quantum computation [5, 16]. It consists of two
anyon types, 1 and τ , where 1 represents the vacuum and τ is a non-Abelian
anyon 2. The only nontrivial fusion rule is τ ⊗ τ = 1⊕ τ . For anyons a, b, c, d,
(a, b, c; d) is called admissible if d is a total type of a ⊗ b ⊗ c; that is, d is an
outcome of fusing a, b, and c. If (a, b, c; d) is admissible, then the F -matrix F abcd
is the 1× 1 identity matrix whenever a, b, c, or d is 1, and,
F := F ττττ =
(
φ−1
√
φ−1√
φ−1 −φ−1
)
, (1)
where φ = 1+
√
5
2 is the golden ratio. Note that F is a real symmetric and
involutary matrix. For R-symbols, we have R1aa = R
a1
a = 1, R
ττ
1 = e
− 4pii5 , and
Rτττ = e
3pii
5 . Denote by R = diag(Rττ1 , R
ττ
τ ).
2.2 Encoding of a Qubit
To encode one qubit, we take three τ particles with total type τ . The corre-
sponding Hilbert space V ττττ (or Hom(τ, τ ⊗ τ ⊗ τ)) has dimension 2. We will
describe two bases for V ττττ using splitting/fusion trees.
The first (splitting/fusion tree) basis for V ττττ is denoted by BL and can be
described as follows. We first split a τ into a pair of anyons (x, τ), and then
continue to split x into a pair (τ, τ). The splitting/fusion tree for this basis is
illustrated on the lefthand side of Figure 1. One can also think of the fusion
process in reverse, namely, one fuses the first two τ ′s into x, and then fuses x
and the third τ into τ . According to the fusion rules, x could be either 1 or τ .
Denote by |x〉L the basis element corresponding to the splitting/fusion process
mentioned above. Then BL := {|1〉L, |τ〉L} is an orthonormal basis for V ττττ .
We can encode a qubit C2 in V ττττ by the map, |0〉 7→ |1〉L, |1〉 7→ |τ〉L.
Similarly, there is a different basis BR, shown on the righthand side of Fig-
ure 1, where one splits τ into (τ, y) followed by splitting y into (τ, τ). Again, y
can be either 1 or τ . Denote by |y〉R the corresponding the basis element and
BR = {|1〉R, |τ〉R}. Both BL and BR are called the computational bases for the
one-qubit space V ττττ . They are related by the matrix F :
|y〉L =
∑
x=1,τ
Fxy|x〉R (2)
for y = 1, τ , and where it is understood that F11 = F11, F1τ = F12,Fτ1 = F21,
and Fττ = F22.
We next describe the action of the braid group. Recall that the n-strand
braid group Bn has the presentation,
Bn = 〈σ1, · · · , σn−1 | σiσi+1σi = σi+1σiσi+1, σiσj = σjσi, |i− j| > 1〉, (3)
2Strictly speaking, we need to distinguish anyon types vs anyons or (quasi)-particles [17].
But for Fibonacci anyons, this difference can be safely ignored.
2
ττ ττ
x|x〉L := x = 1, τ
τ
τ ττ
y|y〉R := y = 1, τ
Figure 1: Two splitting/fusion tree bases for V ττττ .
... ...
1 i i+1 n
Figure 2: Braid generator σi,n
where the convention is that σi corresponds to the braid diagram such that the
i-th strand goes over the (i+ 1)-th strand, as illustrated in Figure 2.
The encoding of the three τ particles described above leads to a unitary
representation of the three-strand braid group,
ρ3 : B3 −→ U(V ττττ ). (4)
Denote by ρL3 (σ) (resp. ρ
R
3 (σ)) the matrix of a braid σ under the basis BL (resp.
BR). Then,
ρL3 (σ1) = ρ
R
3 (σ2) = R = diag(R
ττ
1 , R
ττ
τ ), (5)
ρL3 (σ2) = ρ
R
3 (σ1) = FRF =
(
e
4pii
5 φ−1 e−
3pii
5
√
φ−1
e−
3pii
5
√
φ−1 −φ−1
)
(6)
Thus, under the two bases BL,BR, the matrices of σ1 and σ2 are swapped.
They generate the same group under either basis, so that there is essentially
no difference between BL and BR. As a default convention, by computational
basis, we will take to mean BL unless explicitly stated otherwise. The matrices
ρ3(σ) := ρ
L
3 (σ) are called 1-qubit quantum gates.
It is well-known that the ρ3(σ1) and ρ3(σ2) generate a dense subgroup of
U(2) up to phases [5]. Interestingly, in the F -matrix of the Fibonacci theory
lies in the image. Explicitly, it follows from the identities (RF )3 = Rττ1 I2 and
F 2 = I2 that
ρ3(σ1σ2σ1) = R
ττ
1 F.
Moreover, [8] provides an asymptotically optimal algorithm which approximates
an arbitrary unitary matrix using products of the generators ρ3(σ1) and ρ3(σ2)
and characterizes the exact image of B3 from the Fibonacci theory.
2.3 Encoding of 2-qubits
Let SWAP ∈ U(C2 ⊗C2) be the 2-qubit gate mapping |i, j〉 to |j, i〉, i, j = 0, 1.
Alternatively, SWAP is the 4 × 4 permutation matrix obtained by exchanging
the second and third rows of a 4× 4 identity matrix.
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Recall that a 2-qubit gate U ∈ U(C2 ⊗ C2) is called non-entangling if one
of the following conditions is satisfied (and the other condition will hold as a
consequence).
1. U is of the form A⊗B or SWAP ◦ (A⊗B) for some 1-qubit gates A,B ∈
U(C2).
2. U maps product states to product states. That is, for any |x〉, |y〉 ∈ C2,
there exist |u〉, |v〉 ∈ C2 such that U(|x〉 ⊗ |y〉) = |u〉 ⊗ |v〉.
U is called entangling otherwise. Note that the non-entangling gates form a
subgroup.
All 1-qubit gates together with any entangling 2-qubit gate is universal.
Hence any universal gate set for 1-qubit gates plus an entangling 2-qubit gate
is a universal gate set for all qubits. This shows that entangling gates are
essential for quantum computing, and in this paper, we investigate whether
such entangling 2-qubit gates can arise from the Fibonacci theory.
In particular, we are concerned with the encoding of 2-qubits obtained
from six τ particles from the Fibonacci theory with total type trivial. Ex-
plicitly, we group the first three τ particles to form the first qubit and group
the last three to form the second qubit. We further require the total type
of each group of anyons to be trivial. The resulting Hilbert space V τ
⊗6
1 of
six τ particles with total type trivial has dimension five. The four in Fig-
ure 3 are denoted by |11〉, |1τ〉, |τ1〉, |ττ〉 and span the computational subspace
VC . The element |NC〉 in Figure 4 we call the non-computational state. Thus
V τ
⊗6
1 = span{|NC〉} ⊕ VC .
The computational subspace VC encodes 2-qubits in the way described in
Figure 3. Note that the basis BL is used for the first qubit, while BR for the
second qubit. As mentioned in the previous subsection, there is essentially
no difference between the two bases. The particular choice here is simply for
notational convenience. To emphasize this encoding of two qubits, we will write
VC = V
τττ
τ ⊗ V ττττ .
By braiding, we obtain a unitary representation of the six-strand braid group,
ρ6 : B6 −→ U(V τ⊗6τ ). (7)
Let P14 be the permutation matrix obtained by exchanging the first and fourth
rows of a 5× 5 identity matrix. Recall that I2 is the 2× 2 identity matrix. By
convention, the tensor product A⊗B is the matrix of the form (aijB).
Direct calculation shows that the matrices of the braid group generators
under the basis {|NC〉, |11〉, |1τ〉, |τ1〉, |ττ〉} are represented by,
ρ6(σ1) = (R
ττ
τ )⊕ (R⊗ I2) (8)
ρ6(σ2) = (R
ττ
τ )⊕ (FRF ⊗ I2) (9)
ρ6(σ3) = P14 ((R
ττ
τ )⊕R⊕ FRF )P14 (10)
ρ6(σ4) = (R
ττ
τ )⊕ (I2 ⊗ FRF ) (11)
ρ6(σ5) = (R
ττ
τ )⊕ (I2 ⊗R). (12)
4
τ ττ
x
τ
τ ττ
y
τ
1
1st qubit 2nd qubit
Figure 3: The encoding of two qubits where x, y = 1, τ .
τ ττ
τ
1
τ ττ
τ
1
1
Figure 4: The non-computational basis element.
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Note that the formula for ρ6(σ3) means that when restricting to the subspace
span{|NC〉, |ττ〉} it is equal to ρ3(σ2) = FRF . We will use this fact later in
Section 4.
Definition 2.1. A unitary acting on V τ
⊗6
τ is called leakage-free if it preserves
the 4-dimensional computational subspace VC .
Equivalently, a unitary is leakage-free if its (1, 1)-entry has norm equal to 1.
To perform quantum computing, we need to have leakage-free gates to avoid
information leakage. We also allow the states to go out of the computational
subspace temporarily if they are performed in a controlled way.
In the Fibonacci 2-qubit model, if a braiding gate ρ6(σ) is leakage-free, then
we say it is entangling if the restriction of ρ6(σ) on VC is entangling with respect
to the decomposition VC = V
τττ
τ ⊗ V ττττ . For example, we see from Equation
(8) for the first braid generator σ1 produces a leakage-free gate. However, it is
not entangling since ρ6(σ1)|VC = R⊗ I2.
It has been long suspected that, in the Fibonacci model, there are no braids
that realize exactly leakage-free entangling gates. Our results in the next section
support such a possibility.
3 Leakage-free gates
The formulas from Section 2 for the gates ρ6(σ1), ρ6(σ2), ρ6(σ4), and ρ6(σ5)
immediately imply that they are leakage-free and non-entangling on VC . Thus,
because the non-entangling gates form a closed subgroup, any word in the braid
group generators σ1, σ2, σ4 and σ5 will also be leakage-free and non-entangling.
In this section we will consider two other braids, ∆ and Σ, that also produce
leakage-free, non-entangling gates.
=
Figure 5: The half-twist ∆ applied to a splitting/fusion tree.
Lemma 3.1. Let ∆ = σ1(σ2σ1)(σ3σ2σ1)(σ4σ3σ2σ1)(σ5σ4σ3σ2σ1). Then
ρ6(∆) = (R
ττ
1 )
3 · (I1 ⊕ SWAP)
Proof. ∆ is the half-twist, as illustrated on the left hand side in Figure 5. Isotope
∆ as in the ride hand side and rewrite it as the product
∆ = (σ1σ2σ1) · (σ5σ4σ5) · (σ3σ2σ1)(σ4σ3σ2)(σ5σ4σ3).
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Recall from Section 2 that ρ6(σ1σ2σ1) = (R
ττ
τ )
3⊕(Rττ1 F⊗I2), and ρ6(σ5σ4σ5) =
(Rτττ )
3 ⊕ (I2 ⊗Rττ1 F ). Furthermore,
ρ6((σ3σ2σ1)(σ4σ3σ2)(σ5σ4σ3)) = I1 ⊕ (Rττ1 (F ⊗ F )SWAP)
With (Rτττ )
2 = Rττ1 , the formula for ρ6(∆) then follows immediately.
Next, we explain the topological procedure that led us to the pure braid
Σ = (σ3σ2σ1)(σ1σ2σ3), which yields a leakage-free gate. Start with a braid on
four strands which returns the first strand to its leftmost position. Such a braid
belongs in the annular braid group, which is generated by σ21 , σ2, and σ3 in B4
[1]. Now replace the first strand by three parallel strands to obtain a braid on
six strands, which is a product of Σ, σ4, and σ5 in B6. Any braid obtained in
this way preserves VC . Σ is illustrated in Figure 6, and a computation yields
the following lemma, from which it is also easy to see that Σ produces a non-
entangling gate.
Figure 6: The pure braid Σ
Lemma 3.2. Let Σ = (σ3σ2σ1)(σ1σ2σ3). Then ρ6(Σ) = I1 ⊕ (I2 ⊗R2)
We remark that we could instead have arrived at the pure braid Σ by start-
ing with a braid on four strands which moves the first strand to the rightmost
position, and then replacing the first strand with three parallel strands. In
that case, we produce a braid on six strands that is a product of Σ, σ4, σ5,
and (σ3σ2σ1)(σ4σ3σ2)(σ5σ4σ3) in B6. Recall from our proof of Lemma 3.1 that
(σ3σ2σ1)(σ4σ3σ2)(σ5σ4σ3) can be written as a product of ∆, σ1, σ2, σ4, and σ5.
Thus, while the resulting braid will also yield a leakage-free gate, it is one that
we’ve seen already.
We summarize the above results in the following theorem.
Theorem 3.3. Any word w in σ1, σ2, σ4, σ5,∆, and Σ produces a gate that is
leakage-free and non-entangling on the computational subspace VC .
Remark 3.4. Topological constructions similar to used in Theorem 3.3 may
be used to obtain braids which preserve subspaces other than VC . Often, the
braids turn out to be entangling on the complement of the preserved subspace.
In particular, to find an infinite family of braids which fixes subspace spanned
by |11〉, we may start with a pure braid on three strands and double every
strand. We may further take products with σ1, σ2, σ4, σ5, and ∆, and still obtain
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gates which fix |11〉 up to a phase. Interestingly, unlike the situation with the
non-computational |NC〉, many of the gates that fix |11〉 up to a phase are
entangling on the complementary 4-dimensional subspace. For example, it can
be shown that ρ6((σ2σ3)
3) fixes |11〉 up to a phase, does not fix |NC〉, and is
entangling on the basis elements |NC〉, |1τ〉, |τ1〉 and |ττ〉.
To obtain braids that fix |1τ〉 and |τ1〉, choose a annular braid on five strands
and double the first or last. As above, many of the resulting gates are entangling
on the complementary 4-dimensional subspace. For example, ρ6((σ2σ3)
3) fixes
|τ1〉 up to a phase, does not fix |NC〉, and is entangling on the basis elements
|NC〉, |11〉, |1τ〉 and |ττ〉.
Although it is easy to find braids that fix |11〉, |1τ〉 and |τ1〉, we do not
know of any gate which fixes |ττ〉 up to a phase, except for ρ6(∆).
3.1 Systematic computer search
To help find leakage-free entangling gates, we performed a computer search by
enumerating elements of the braid group and computing their corresponding
matrices in the representation given in Section 2. Then we checked whether it
was leakage-free, and whether it was entangling.
We enumerated the elements of the braid group B6 by taking words consist-
ing of the generators and their inverses. We excluded trivial cases of a generator
appearing adjacent to its inverse.
Due to exponential growth rate of the number of words of a given length,
our search only reached words of length 7, and no leakage-free entangling gates
were found.
4 Approximate Leakage-free Entangling Braid-
ing Gates
In this section, we provide a simple procedure which approximates certain
leakage-free entangling gates with braidings to arbitrary precision.
4.1 Braiding gates preserving span{|NC〉, |ττ〉}
For the 6-anyon encoding of two qubits as shown in Figures 3 and 4, we consider
braiding gates that preserve the subspace V := span{|NC〉, |ττ〉}. Let V ⊥ =
span{|11〉, |1τ〉, |τ1〉}.
First, consider the braid σ2σ1σ1σ2, which is represented as in Figure 7 where
the equality is obtained by isotopy of braids. Then direct computation shows
that with respect to the decomposition V ⊕ V ⊥,
ρ6(σ2σ1σ1σ2) = ρ3(σ
2
1)⊕ diag(1, 1, (Rτττ )2). (13)
Similarly,
ρ6(σ4σ5σ5σ4) = ρ3(σ
2
1)⊕ diag(1, (Rτττ )2, 1). (14)
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=Figure 7: The braid σ2σ1σ1σ2 applied to a splitting/fusion tree
It can also be verified that ρ6(σ3) preserves the decomposition V ⊕ V ⊥, where
ρ6(σ3) = ρ3(σ2)⊕ diag(Rττ1 , Rτττ , Rτττ ). (15)
Hence, through braidings from the 6-anyon encoding of two qubits, we can
obtain all of the group of gates generated by {ρ3(σ21), ρ3(σ2)} on V . We do
not know if this group contains all the possible braiding gates on V . However,
Proposition 4.1 below implies that {ρ3(σ21), ρ3(σ2)} is already a universal gate
set on V .
In particular, recall the well-known result that {ρ3(σ1), ρ3(σ2)} generates a
dense subgroup of SU(2) up to phases [5]. We prove a stronger result in the
following proposition.
Proposition 4.1. Let ρ3(σ1) = ρ
L
3 (σ1), ρ3(σ2) = ρ
L
3 (σ2) be the 1-qubit gates
given in Equations 5, 6. Then {ρ3(σ21), ρ3(σ22)} generate a dense subgroup of
SU(2) up to global phases.
Proof. Let U1, U2 ∈ SU(2). By the classification of subgroups of SU(2), if U1
and U2 have infinite order and they do not commute up to phases, then {U1, U2}
generate a dense subgroup of SU(2). Take U1 = ρ3(σ
2
1σ
4
2), U2 = ρ3(σ
2
1σ
6
2). Then
it is straightforward to check U1 and U2 do not commute.
To show that they have infinite order, we show that their eigenvalues are not
m-th roots of unity for any integer m, or equivalently that their real parts are
not the cosine of a rational multiple of pi. Normalizing determinants to equal
1, the real part of the eigenvalues of e
ipi
10 ρ3(σ
2
1σ
4
2) and e
ipi
10 ρ3(σ
2
1σ
6
2) are given
(respectively) by:
−2 +√5
2
and
−3 +√5
2
Neither real part given above is the value of cosine at a rational multiple of
pi, and thus it follows from [15] that both elements are infinite order.
In Section 4.3, we will combine the fact that {ρ3(σ21), ρ3(σ2)} is a universal
gate set on V together with some techniques developed in Section 4.2 to provide
a simple scheme to approximate certain 2-qubit leakage-free, entangling gates
using braidings.
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4.2 Iteration to diagonal gates
Let D ∈ U(2) be any diagonal gate and write it as D = γ diag(e−i θ2 , ei θ2 ) for
−pi ≤ θ ≤ pi and γ ∈ U(1). The phase γ will not play a role below, so we also
write D = D(θ). Let U0 ∈ U(2) be any 1-qubit gate. Consider the sequence
{Uk}∞k=0 defined inductively by the formula:
Uk+1 = Uk ·D(θ) · U−1k ·D(θ) · Uk ·D(θ)−2 (16)
Obviously, Uk does not depend on the phase γ. For θ = 0, then Uk = U0 for all
k.
Lemma 4.2. If −pi2 < θ < pi2 , θ 6= 0, and |(U0)12| < 1, then the sequence {Uk}
defined in Equation (16) converges to a diagonal gate.
Proof. It suffices to consider the case U0 ∈ SU(2) since by Equation 16, if Uk
has a global phase, then Uk+1 has the same global phase.
Let λ = eiθ, δ = |(U0)12| < 1, and
Uk =
(
ak −bk
bk ak
)
. (17)
We first show that there exists  = (θ, δ) < 1 such that |bk+1| ≤ |bk|, which
implies that {|bk|} converges to 0. By direct calculation,
|bk+1| = |bk|yk,
where
yk = |(1− |bk|2)(1− λ+ λ2) + |bk|2λ| (18)
= |(λ+ λ¯− 2)(1− |bk|2) + 1| (19)
= |(2− 2 cos(θ))(1− |bk|2)− 1|. (20)
It is clear that yk ≤ 1. Hence |bk+1| ≤ |bk| ≤ δ. In turn, setting  := max{|1−
2 cos(θ)|, (2 − 2 cos(θ))(1 − δ2) − 1}, we have yk ≤ . By our assumption on θ,
both of the two expressions in max{·, ·} are strictly less than one, and hence
 < 1.
That |bk+1| ≤ |bk| implies the statement in the lemma. Intuitively, when k
gets large, Uk is close to a diagonal gate, and hence approximately commutes
with D(θ). By Equation 16, Uk+1 would be approximately equal to Uk. The
following is a more elementary argument. Again by direct calculations,
ak+1 = ak(1− |bk|2(λ− 1)2). (21)
Hence,
|ak+1 − ak| = |ak| · |λ− 1|2 · |bk|2 ≤ c2k (22)
for some constant c > 0, which implies that the sequence {ak} converges.
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A few remarks are in order.
Remark 4.3. For θ = pi3 , by Equation 18, we have yk = |bk|2 and hence|bk+1| = |bk|3. In this case, the sequence {bk} converges to 0 exponentially
faster than it does for a general θ as in the proof of Lemma 4.2. The formula
in Equation 16 for θ = pi3 was used in [13] as a scheme to approximate certain
diagonal gates. To be precise, the formula in [13] does not have the ‘D−2 ’
factor as in Equation 16. This does not change the fact that the off-diagonal
entries of Uk converges to zero. However, without the ‘D
−2 ’ factor, the {Uk}
sequence does not converge to a diagonal gate, but rather fluctuates among
several diagonal gates which differ by some powers of D from each other.
Remark 4.4. In [12, 2], a formula different from that in Equation 16 was
provided to give rise to a sequence {Uk} which converges at an even higher rate:
|(Uk+1)1,2| = |(Uk)1,2|5 for θ = pi5 . However, their formula does not apply here.
This is because D(pi5 ) = ρ(σ1)
3 up to phases, and as will be seen in Section
4.3, we will give a scheme to approximate 2-qubit entangling gates with braids
that preserve the subspace V := span{|NC〉, |ττ〉}. However, the braids that
preserve the subspace V do not seem to realize the gate ρ(σ1)
3 on V , but only
ρ(σ1)
2 instead.
Remark 4.5. There is a geometric interpretation of the formula in Equation
16. If we think of a 1-qubit gate U ∈ SU(2) as a rotation in R3, then D(θ) is
a rotation around the z-axis by the angle θ. A unitary U has an axis in the
xy-plane if and only if its (1, 2)-entry has norm one. Then by Lemma 4.2, as
long as θ has absolute value strictly between 0 and pi2 and the axis of U0 is not in
the xy- plane, then each iteration in Equation (16) brings the axis of Uk closer
to the z-axis. In the limit Uk becomes a rotation around the z-axis.
4.3 Approximation of 2-qubit Leakage-free Entangling Braid-
ing Gates
We provide a scheme to approximate certain 2-qubit leakage-free entangling
gates with braidings. Of course, since the Fibonacci model is universal, one
can in principle approximate arbitrary n-qubit gates using (for instance) the
Solovay-Kitaev algorithm. However, the procedure we give is more explicit and
simpler.
We use the braiding gates from G := 〈ρ6(σ2σ1σ1σ2), ρ6(σ3)〉 for the approx-
imation. Recall that V = span{|NC〉, |ττ〉}, V ⊥ = span{|11〉, |1τ〉, |τ1〉}, and
that gates in G all preserve V . Choose any gate U˜0 and a diagonal gate D˜ in G
such that D := D˜|V and U0 := U˜0|V satisfy the conditions in Lemma 4.2. We
then obtain a sequence of gates {U˜k} by the formula in Equation 16 starting
from U˜0 and D˜. Note that U˜k = U˜0 on V
⊥ for all k ′s. By Lemma 4.2, {U˜k}
converges to some U˜ such that U˜ |V is a diagonal gate and U˜ |V ⊥ = U˜0|V ⊥ is
also a diagonal gate. Hence U˜ is a leakage-free diagonal gate. In general it
is straightforward to check whether U˜ is entangling for each particular choice
of D˜ and U˜0 since U˜ agrees with U˜0 on V
⊥. If U˜ = diag(λ−1, λ0, λ1, λ2, λ3)
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under the basis {|NC〉, |11〉, |1τ〉, |τ1〉, |ττ〉}, then U˜ is entangling if and only if
λ3 6= λ1λ2λ−10 .
Theorem 4.6. Let D˜ = ρ6(σ2σ1σ1σ2)
3, U˜0 = ρ6(σ3). Then the limit of the
sequence {U˜k} defined by Equation (16) exists and its limit U˜ is a leakage-free
entangling 2-qubit gate.
Proof. With respect to the decomposition V ⊕ V ⊥, we have
D˜ = e−
3pii
5
(
e−
pii
5 0
0 e
pii
5
)
⊕
1 0 00 1 0
0 0 e−
2pii
5
 (23)
U˜0 =
(
e
4pii
5 φ−1 e−
3pii
5
√
φ−1
e−
3pii
5
√
φ−1 −φ−1
)
⊕
e− 4pii5 0 00 e 3pii5 0
0 0 e
3pii
5
 (24)
The angle of D˜|V is θ = 2pi5 < pi2 , and the (1, 2)-entry of U˜0|V (that is, the
(1, 5)-entry of U˜0) has absolute value
√
φ−1 ≈ 0.786 < 1. Hence the conditions
in Lemma 4.2 are satisfied. U˜ is entangling if and only if U˜5,5 6= 1, which can
be checked numerically.
5 SU(2)k anyons
As a modular tensor category, the Fibonacci theory Fib is a sub category of
the anyon theory SU(2)3 whose anyon types are given by {0, 1, 2, 3}. Explicitly,
the correspondence is 1↔ 0, τ ↔ 2. Moreover, {0, 3} forms the semion theory
S and SU(2)3 = Fib  S. Also note that semion S is an Abelian theory and
1 = 2⊗3 = 23. Then an important observation is as follows. In the encoding
of one- and two-qubit models (Section 2.3), if we replace all the anyons of type
τ (i.e., type 2 ) by anyons of type 1, then the braiding gates remain the same up
to (irrelevant) global phases which are contributed by the semion theory. This
means that for anyons of type 1, all the results discussed in the paper still hold.
Now for the sequence of anyon theories SU(2)k, for k ≥ 2 with anyon types
{0, 1, · · · , k}, exactly the same models of one and two qubits (and more generally
n-qubits) as in Section 2 can be defined with type 1 anyons. It is known that
the type 1 anyon in SU(2)k is braiding universal if and only if k = 3 or k ≥
5 [6]. We believe that the results presented in this paper still hold for k ≥
5. For instance, {ρ3(σ21), ρ3(σ22)} generates a dense subgroup of SU(2). Also,
the method for approximating entangling leakage-free 2-qubit gates in earlier
sections also applies.
5.1 A Conjecture
Let C be an anyon theory, namely, a unitary modular tensor category, and
a, b, c ∈ C be anyon types. Assume c is a total type of (b, b). Consider the
12
cbb
a a
· · ·
aa
· · ·
Figure 8: Two qudits
embedding V a
⊗n
b ⊗ V a
⊗n
b ⊂ V a
⊗2n
c for some n > 1. See Figure 8. We treat
each V a
⊗n
b as a qudit space. We call an anyon type a to have the property
of entangling leakage-free if for some n > 1 and anyon types b, c, there exists
a braid σ ∈ B2n such that the representation of σ on V a⊗2nc preserves, and is
entangling on, the subspace V a
⊗n
b ⊗ V a
⊗n
b .
By the results in this paper, we believe that the Fibonacci anyon (or the
type 1 anyon3 in SU(2)3) does not have the property of entangling leakage-
free. On the other hand, the type 1 anyon in SU(2)k does have the property
of entangling leakage-free for k = 2 and k = 4 [17, 3]. Thus there seems to be
a tension between braiding universality and the property of entangling leakage-
free.
Conjecture 5.1. An anyon type has the property of entangling leakage-free if
and only if the braid group representations of Bn associated with it have finite
images for all n ≥ 1.
The anyon of type 1 of SU(2)8 has finite images for B3 and B4, but infinite
images for all Bn, n ≥ 5 [6].
By the Property F conjecture [10], we can also formulate the above as:
Conjecture 5.2. An anyon type has the property of entangling leakage-free if
and only if its quantum dimension is the square root of an integer.
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